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NOETHER'S PROBLEM FOR ABELIAN EXTENSIONS OF CYCLIC 

p-GROUPS 

IVO M. MICHAILOV 

Abstract. Let K be a field and G be a finite group. Let G act on the rational 
function field K{x{g) : g 6 G) by K automorphisms defined by g ■ x(h) = x(gh) for 
\ any g,h 6 G. Denote by K(G) the fixed field K(x(g) : g £ G) G . Noether's problem 

CNI ■ then asks whether K{G) is rational (i.e., purely transcendental) over K. The first 

£H | main result of this article is that K(G) is rational over K for a certain class of p- 

C$ ■ groups having an abelian subgoup of index p. The second main result is that K(G) is 

rational over K for any group of order p 5 or p e (p is an odd prime) having an abelian 
normal subgroup such that its quotient group is cyclic. (In both theorems we assume 
that if charK ^ p then K contains a primitive p e -th root of unity, where p e is the 
exponent of G.) 

o 
< 

> 

1. Introduction 

Let K be any field. A field extension L of K is called rational over K (or fT-rational, 
\ for short) if L ~ K(xi, . . . , x n ) over K for some integer n, with Xi, . . . , x n algebraically 

independent over K. Now let G be a finite group. Let G act on the rational function 
field K(x(g) : g G G) by K automorphisms defined by g-x(h) = x(gh) for any g,h e G. 
Denote by K(G) the fixed field K(x(g) : g G G) G . Noether's problem then asks whether 
K(G) is rational over K. This is related to the inverse Galois problem, to the existence 



of generic G-Galois extensions over K, and to the existence of versal G-torsors over 
K-rational field extensions [Swl ISall |G"M S, 33.1, p. 86]. Noether's problem for abelian 
groups was studied extensively by Swan, Voskresenskii, Endo, Miyata and Lenstra, 
etc. The reader is referred to Swan's paper for a survey of this problem [Sw] . Fischer's 
Theorem is a starting point of investigating Noether's problem for finite abelian groups 
in general. 
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Theorem 1.1. (Fischer |Swl Theorem 6.1]) Let G be a finite abelian group of exponent 
e. Assume that (i) either char K = or char K > with char K \ e, and (ii) K 
contains a primitive e-th root of unity. Then K(G) is rational over K . 

On the other hand, just a handful of results about Noether's problem are obtained 
when the groups are non-abelian. This is the case even when the group G is a p-group. 
The reader is referred to |CKl IHuK| IKal| IKa2l IKa3] for previous results of Noether's 
problem for p-groups. The following theorem of Kang generalizes Fischer's theorem for 
the metacyclic p-groups. 

Theorem 1.2. (Kang jKaTj Theorem 1.5]) Let G be a metacyclic p-group with exponent 
p e , and let K be any field such that (i) char K = p, or (ii) char K ^ p and K contains 
a primitive p e -th root of unity. Then K(G) is rational over K . 

The next job is to study Noether's problem for meta-abelian groups. Three results 
due to Haeuslein, Hajja and Kang respectively are known. 

Theorem 1.3. (Haeuslein [Ha]) Let K be afield and G be a finite group. Assume that 

(i) G contains an abelian normal subgroup H so that G/H is cyclic of prime order p, 

(ii) Z[£ p ] is a unique factorization domain, and (Hi) ( p e £ K where e is the exponent 
of G. If G — > GL(V^) is any finite- dimensional linear representation of G over K, then 
K{V) G is rational over K . 

Theorem 1.4. (Hajja |Haj|) Let K be afield and G be a finite group. Assume that (i) 
G contains an abelian normal subgroup H so that G/H is cyclic of order n, (ii) Z[£ n ] 
is a unique factorization domain, and (Hi) K is algebraically closed with charK = 0. If 
G — > GL(V) is any finite- dimensional linear representation of G over K, then K(V) G 
is rational over K . 

Theorem 1.5. ( [Ka3j Theorem 1.4]) Let K be a field and G be a finite group. Assume 
that (i) G contains an abelian normal subgroup H so that G/H is cyclic of order n, 
(ii) Z[£ n ] is a unique factorization domain, and (iii) ( e £ K where e is the exponent of 
G. If G — > GL(V) is any finite- dimensional linear representation of G over K, then 
K(V) G is rational over K. 
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Note that those integers n for which Z[£ n ] is a unique factorization domain are 
determined by Masley and Montgomery. 

Theorem 1.6. (Masley and Montgomery |MM] ) Z[£ n ] is a unique factorization domain 
if and only if 1 < n < 22, or n = 24, 25, 26, 27, 28, 30, 32, 33, 34, 35, 36, 38, 40, 42, 45, 48, 
50,54,60,66,70,84,90. 

Therefore, Theorem 11.31 holds only for primes p such that 1 < p < 19. One of 
the goals of our paper is to show that the this condition can be waived, under some 
additional assumptions regarding the structure of the abelian subgroup H. 

Consider the following situation. Let G be a group of order p n for n > 2 with an 
abelian subgroup H of order p n ~ l . Bender [BeJ determined some interesting properties 
of these groups. We study further the case when the p-th lower central subgroup 
is trivial. (Recall that G( ) = G and = [G, G(i-i)] for % > 1 are called the lower 
central series.) For our purposes we need to classify with generators and relations these 
groups. We achieve this in the following lemma. 

Lemma 1.7. Let G be a group of order p n for n > 2 with an abelian subgroup H 
of order p n ~ x . Choose any a G G such that a generates G/H, i.e., a ^ H,a p G H. 
Denote H(p) = {h G H : h p = 1, h ^ H p }, and assume that [H(p), a] C H(p). Assume 
also that the p-th lower central subgroup G^ is trivial. (Recall that G^ = G and 
Grn) = [G, £r(i-i)] for i > 1 are called the lower central series.) Then H is a direct 
product of normal subgroups of G that are of the following four types: 

(1) {Cp) s for some s > 1. There exist generators ai,...,a s of {C p ) s , such that 
[atj, a] = Oj+i for 1 < j < s — 1 and a s G Z{G). 

(2) C p a for some a > 1. There exists a generator (3 of C p a such that [(3, a] = (3 hpa 
for some b : < b < p — 1. 

(3) Cpai x C p a 2 x ••• x C p a k x (C p ) s for some k > 1, Oj > 2, s > 1. There exist 
generators a u , a 2i , . . . , of Cy^ x Cy> 2 x ••■ x C p ^ k such that [a^i, a] = 
a i+ii £ f or i = 1, ■ ■ ■ ,k — l. There also exist generators 0^,2, . . . , ctk,s+i 
of (C p ) s , such that [a k>j , a] = a kJ+1 for 1 < j < s and a k , s+1 G Z{G). 
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(4) C p a 1 x C p a 2 x ■ ■ • x C p ik for some k > 2, a« > 2. For any i : 1 < i < k there 
exists a generator a^i of the factor C^, such that [a^a] = G Z(G) 

and [a fejl , a] G i , . . . , aj£* }. 

The first main result of this paper is the following theorem which generalizes Theorem 

Theorem 1.8. Let G be a group of order p n for n > 2 an abelian subgroup H 
of order p n ~ x , and let G be of exponent p e . Choose any a G G such that a generates 
G/H, i.e., a £ H,a p G H. Denote H(p) = {h G H : h p = 1, h £ H p }, and assume 
that [H(p),a] C H(p). Denote by Gu\ = [G,Gu-i\] the lower central series for % > 1 
and £r(o) = G. Let iae p-t/i lower central subgroup Gu,\ be trivial. Assume that (i) caar 
ii' = p > 0, or (ii) char K ^ p and K contains a primitive p e -th root of unity. Then 
K(G) is rational over K . 

The key idea to prove Theorem 11.81 is to find a faithful G-subspace W of the regular 
representation space ® geG K ■ x(g) and to show that W G is rational over K. The 
subspace W is obtained as an induced representation from H by applying Lemma \1 . 71 
(A particular case we proved in the preprint |Mij .) 

The next goal of our article is to study Noether's problem for some groups of orders 
p 5 and p 6 for any odd prime p. We use the list of generators and relations for these 
groups, given by James pa]. It is known that K(G) is always rational if G is a p-group 
of order < p 4 and ( e G K where e is the exponent of G (see |CK] ). However, in |HoK] 
is shown that there exists a group G of order p 5 such that C(G) is not rational over C. 

The second main result of this article is the following rationality criterion for the 
groups of orders p 5 and p 6 , having an abelian normal subgroup such that its quotient 
group is cyclic. 

Theorem 1.9. Let G be a group of order p n forn < 6 with an abelian normal subgroup 
H, such that G/H is cyclic. Let G be of exponent p e . Assume that (i) char K = p > 0, 
or (ii) char K ^ p and K contains a primitive p e -th root of unity. Then K(G) is 
rational over K . 
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We do not know whether Theorem 11.91 holds for any n > 7. However, we should not 
"over-generalize" Theorem 11.91 to the case of any meta-abelian group because of the 
following theorem of Saltman. 

Theorem 1.10. (Saltman [Sa2j ) For any prime number p and for any field K with char 
K 7^ p (in particular, K may be an algebraically closed field), there is a meta-abelian 
p-group G of order p 9 such that K(G) is not rational over K. 

We organize this paper as follows. We recall some preliminaries in Section [2] that will 
be used in the proofs of Theorems 11.81 and 11.91 There we also prove Lemma 12.51 which 
is a generalization of Kang's argument from [Ka2l Case 5, Step II]. In Section [3] we 
prove Lemma \1 . 71 which is of independent interest, since it provides a list of generators 
and relations for any p-group G having an abelian subgroup H of index p, provided 
that [H(p),a\ C H(p) and G^ = 1. Our main results - Theorems 11.81 and 11.91 - we 
prove in Sections H] and [5] respectively. 

2. Preliminaries 

We list several results which will be used in the sequel. 

Theorem 2.1. ([HKj Theorem 1]) Let G be a finite group acting on L(xi, . . . , x m ), 
the rational function field of m variables over a field L such that 

(i) : for any a G G, o~(L) C L\ 

(ii) : the restriction of the action of G to L is faithful; 

(iii) : for any a G G, 

: =A(a) \ +B(a) 
\a(x m )J \x m ) 

where A(a) G GL m (L) and B(o~) is m x 1 matrix over L. Then there exist 

zi, . . . ,z m G L(xi, . . .,x m ) so thatL(xt, . . .,x m ) G = L G (zi, ...,z m ) anda(zi) = 

Zi for any a G G, any 1 < i < m. 

Theorem 2.2. QAHKl Theorem 3.1]) Let G be a finite group acting on L(x), the ratio- 
nal function field of one variable over a field L. Assume that, for any a G G, c(L) C L 
and a(x) = a a x + b a for any a a ,b a G L with a a ^ 0. Then L(x) G = L G (z) for some 
z G L[x\. 



6 IVO M. MICHAILOV 

Theorem 2.3. QCK} Theorem 1.7]) If char K = p > and G is a finite p- group, then 
K(G) is rational over K. 

The following Lemma can be extracted from some proofs in [Ka2l IHuK] . 

Lemma 2.4. Let (r) be a cyclic group of order n > 1, acting on K(vi, . . . , i> n -i), the 
rational function field of n — 1 variables over a field K such that 

t : V\ i y v 2 1 y ' ' ■ 1 y t> n -i ^ (fi • - • w„-i) _1 v x . 

If K contains a primitive n-th root of unity then K(vi, . . . , = if (si, . . . , s n _i) 
where r : Sj 1— >■ £*Sj /or 1 < z < n — 1. 

Proof. Define w = 1 + i> 1 + + • • • + fi^2 • • •^n-i ) iy i — (l/ w o) ~~ l/n, w i+i = 
{v\V 2 ■ ■ ■ Vi/wq) — 1/n for 1 < i < n — 1. Thus if (i>i, . . . , f n -i) = K(wi, . . . , ty n ) with 
w\ + W2 + ■ ■ ■ + w n = and 

r : W\ 1 — ^ 1O2 ' — y ' ' ~ 1 — ^ w^n-i ^ w n u>i. 

Define S* = Xa<j<n for 1 < i < n - 1. Then if(wi, . . .,w n ) = K(s 1 , . . . , s n _i) 

and r : Sj 1— )■ £ 4 Sj for 1 < i < n — 1. □ 

Moreover, we are now going to generalize Kang's argument from [Ka2l Case 5, Step 
II], obtaining the following Lemma which plays an important role in our work. 

Lemma 2.5. Let k > 1, let p be any prime and let (a) be a cyclic group of order p, 
acting on K(yu,y 2i ■ ■ ■ ,yu '■ 1 < i <■ P ~ 1); the rational function field of k(p — 1) 
variables over a field if such that 

a : y n i-)> y j2 ^ ■ ■ ■ ^ y jp -! i-» (%i%- 2 • • • Vjp-i)' 1 , for 1 < j < k. 

Assume that K(v u , v 2i . . . , v ki : 1 < i < p - 1) = K(y u , y 2i . . . , y ki : 1 < % < p - 1) 
where for any j : 1 < j < k and for any i : I < i < p — 1 the variable Vji is a monomial 
in the variables yu, y 2 %- ■ ■ , yki- Assume also that the action of a on K(vu, v n . . . , v k % '■ 
1 < i < p — 1) is given by 

a : v n ^ Vjiv? 2 , v j2 ^ v j3 >->• ■ ■ ■ >->• v iv _ x ^ Aj ■ (vjiv^v^ 2 ■ ■ ■ f| p _i) _1 , 
for 1 < j < k, 
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where Aj is some monomial in v u, . . . , Vj-u for 2 < j < k and A\ — 1. If K 
contains a primitive p-th root of unity (, then K(vu,V2i ■ ■ ■ , vj-i : 1 < % < p — 1) = 
K(su, S2i ■ ■ ■ , ■ I < i < p — I) where a : Sji h-» C s ji f or 1 < ^" < A;, 1 < i < p — 1. 

Proof. We write the additive version of the multiplication action of a, i.e., consider the 
Z[7r]-module Af = ®i< m<fc (©i<i<p-iZ ■ v m i), where 7r = (a). Denote the submodules 
Mj = 1<m<J (©i<j<p-iZ,-t> m j) for 1 < j < k. Thus a has the following additive action 

a : Vj! i y Vji +pv j2 , 

Vj2 ^ V j3 !-)> ■ ■ • H)> H> Aj - Ujl - (p - 1)^2 - (P - 2)^3 2l)jp_i, 

where Aj e Mj-i. 

By Lemma 12.41 Mi is isomorphic to the Z[7r]-module iV = ©i<j< p _iZ ■ Ui where 
u\ = v 12, = a 1 " 1 • V12 for 2 < i < p — 1, and 

a : «i 4 «2 4 ■ ■ ■ 4 i — y —U\ — u 2 — ■ ■ ■ — u p _i i — y u±. 

Let $ P (T) e Z[T] be the p-th cyclotomic polynomial. Since Z[7r] ~ Z[T]/(T P — 1), 
we find that Z[7r]/$ p (a) ~ Z[T]/$ P (T) ~ Z[tu], the ring of p-th cyclotomic integer. As 
$ p (a) • x = for any x E N , the Z[7r]-module A/" can be regarded as a Z[w]-module 
through the morphism Z[7r] — >■ Z[7r]/$p(a). When A" is regarded as a Z[co>] -module, 
iV ~ Z[w] the rank-one free Z[o;]-module. 

We claim that Af itself can be regarded as a Z[w]-module, i.e., $ p (o;) • Af = 0. 

Return to the multiplicative notations. Note that all VjiS are monomials in yji's. The 
action of a on given in the statement satisfies the relation rio<m<p-i am (yji) = 1 
for any 1 < j < k, 1 < i < p — 1. Using the additive notations, we get ■ yji = 0. 

Hence $ p (a) • A/ = 0. 

Define Af' = M/Mk-i- It follows that we have a short exact sequence of Z[7r]-modules 

(2.1) ->• M fc _! -4 AT -4 M' ->• 0. 

Since Af is a Z[co>] -module, (12. ip is a short exact sequence of Z[a;]-modules. Proceeding 
by induction, we obtain that Af is a direct sum of free Z[cu]-modules isomorphic to N. 
Therefore, Af ~ ®i<j<kNj, where Nj ~ A/As a free Z[o;]-module, and so a Z[7r]-module 
also (for I < j < k). 
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Finally, we interpret the additive version of M ~ ®i<j<kNj ~ N k it terms of the 
multiplicative version as follows: There exist Wji that are monomials in Vji for 1 < j < 
k,l < i < p — 1 such that K{wji) = K(vji) and a acts as 

a : Wji i — y Wj2 >->■••• i-> Wjp_i i — ^ (wjiWj2 ■ ■ ■ Wj P _i) _1 for 1 < j < 

According to Lemma l2T4"t the above action can be linearized as pointed in the statement. 

□ 

Now, let G be any metacyclic p-group generated by two elements a and r with 
relations a pa = l,r pb = a pC and t~ 1 <jt = a e+5pr where e — 1 if p is odd, e = ±1 if 
p — 2, 8 = 0, 1 and a, 6, c, r > are subject to some restrictions. For the the description 
of these restrictions see e.g. |Kall p. 564]. 

Theorem 2.6. (Kang |Kall Theorem 4.1]) Let p be a prime number, m,n and r are 
positive integers, k = 1 + p r if (p,r) ^ (2,1) (resp. k = —1 + 2 r with r > 2). Let 
G be a split metacyclic p-group of order p m+n and exponent p e defined by G = (a, r : 
a pm = r p " = 1, r~ 1 ar = a k ). Let K be any field such that charK ^ p and K contains 
a primitive p e -th root of unity, and let ( be a primitive p m -th root of unity. Then 
K( Xo, X\, . . . , x p n_i) G is rational over K , where G acts on xq, . . . , x p n_i by 

o~ ~. Xi i y (, Xi, 

t : xq i — y X\ i — y ' ' ' i — y *-y x . 

3. Proof of Lemma [TT71 

It is well known that if is a normal subgroup of G. We divide the proof into several 
steps. 

Step I. Let (3\ be any element of H that is not central. Since G( p ) = {1}, there exist 
02, ■ ■ ■ , G H for some k : 2 < k < p such that [f3j, a] = (3j + \, where 1 < j < k — 1 and 
0k 7^ 1 is central. We are going to show now that the order of 02 is not greater than 
p. In particular, from the multiplication rule [a, a] [b, a] = [ab, a] (for any a,b 6 H) it 
follows that all p-th powers are contained in the center of G. 

From [/3j, a] = flj+x it follows the well known formula 

(3.1) a~ p (3 ia p = P^PpP ■ ■ ■ (3^ (3 P+1 , 
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where we put j3k+i = ■ ■ ■ = (3 p +i = 1. Since a p is in 77, we obtain the formula 

■ ■ ■ = i. 

Hence (/3 2 • Ylj^2 $7 ) p = 1 f° r some integers aj. It is not hard to see that this identity is 
impossible if the order of f3 2 is greater than p. Indeed, if £ = maxjj : (3 P ^ 1}, then fi\ 
is in the subgroup generated by f3 2 , . . . , /3g_ v Therefore [/3 P , a] = [/3 2 2P ■ • • P^Ti P , a] = 
/3^ 2P ■ ■ • f3g e ~ lP 7^ 1 for some 62, • • • , h-i G ^p- On the other hand, a] = = 1, 
which is a contradiction. 

S'tep 77. Let us write the decomposition of if as a direct product of cyclic subgroups 
(not necessarily normal in G): 77 ~ (C P )* x C P a i x C P a 2 x ■■■C p a s for < £, 2 < 
oi < a 2 < • • • < a s . Choose a generator an G C pai . Since G( p ) = {1}, there exist 
CK12, • • • , «ifc G if for some k : 2 < k < p such that [ay, a] = oiij+i, where 1 < j < k — 1 
and ccifc 7^ 1 is central. From Step I it follows that the order of a i2 is not greater than 
p. We are going to define a normal subgroup of G which depends on the nature of the 
element ai 2 . We will denote it by ((an)), and call it the commutator chain of an. 
Simultaneously, we will define a complement in 77 denoted by ((an)). 

Case II. 1. Let a i2 = aj/ Cl for some C\ : < c± < p — 1. Define ((an)) = (an). 
Clearly, ((an)) is a normal subgroup of type (2). Define ((an)) = (C p )*- (a2i, • • • , a s i). 

Case 77. Let a 12 £ H p '• According to the assumption in the statement of our 
Lemma, [77 (p), a]fl77 p = {1}, we have a^ ^ 77 p for all j. Define ((an)) = (an, . . . , a lk ). 
Therefore ((an)) ~ C p <n x (C p ) fc_1 is a normal subgroup of type (3). Define ((an)) = 
(C P Y~ k+1 ■ (a 2 i, . . . , a s i), where (C p )*~ fc+1 is the complement of (C p ) fe ~ 1 in (C p )*. 

Case 77.5. Let a i2 G TP. Then a 12 = UieA ^*'^^ where A C {1, 2, . . . , s}, 1 < 
dj < p — 1. Put io = min{i G A}. 

If io = 1, then «i 2 = (af{ ILeA i^i ld ') pai 1 . Now, we can replace the generator 
an with a' n = a d \ YiieA i^i ldi ■ Clearly, ord(a' 11 ) = ord(an) and [a n ,a] G (a' n ), 
so this case is reduced to Case I. 

If io > 1, then a± 2 = (a*" YlieA i^i a a odl ) p H) . We can replace the generator «j i 
with a' iQl = af o l YlieA,i& a ii Clearly, ord(a^ ol ) = ord(a iol ) and ag* = a 12 . 

For abuse of notation we will assume henceforth that io = 2 and a 2l 2 = a± 2 . 
Consider a22 = [«2i,a]- We have three possibilities now. 
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Subcase II. 3.1. a 22 G (^ii* > a 2i )• Define ((an)) = (an, 0:21)- Therefore 
((an)) ~ C p ai x C p a 2 is a normal subgroup of type (4). 

Subcase II. 3. 2. a 22 4- H p . Then there exist a 22 , • • • , exit G if for some £ : 2 < £ < p 
such that [a 2 j,a] = a 2 j+i, where 1 < j < I — 1 and a 2 ^ 7^ 1 is central. Define 
((an)) = (an, a 2 i, a 22 , • • • , a 2 e). Therefore ((an)) ~ C p «i x C p a 2 x {C P Y~ l is a normal 
subgroup of type (3). 

Subcase II. 3. 3. a 22 G -£P. According to the observations we have just made, this 
subcase leads to the following two final possibilities. 

Sub-subcase II. 3. 3.1. a 22 = af^ , . . . , a r _i 2 = afi ,a r2 G (a n x , . . . , a? rl ). 
Define ((an)) = (an, a 2 i, . . . , a r i). Therefore ((an)) ~ x C p a 2 x • • • x C p a r is a 
normal subgroup of type (4). Define ((an)) = (C p )* ■ (a r+ n, . . . , a s i). 

Sub-subcase II. 3. 3. 2. a 22 = a^ 3 , . . . , a r _i 2 = af/ , a r2 ^ fP. Then there exist 
a r2 , . . . , a r ^ G H for some £ : 2 < £ < p such that [a r j, a] = a rj+ i, where 1 < j < i — 1 
and 7^ 1 is central. Define ((an)) = (an, a 2 i, . . . , a r i, a r2 , . . . , a r ^). Therefore 
((an)) ~ C p ai x Cp^! x ■•■C p a r x (Cp)^ 1 is a normal subgroup of type (3). Define 
((an)) = (C p y~ i+1 • (a r+ n, . . . , a s i), where (C p )'~ £+1 is the complement of {C P Y~ l in 

(c P y. 

Step III. Put E x = ((an)) and H 2 = ((an)). Note that Hid H 2 = {1}. However, 
i? 2 may not be a normal subgroup of G. That is why we need to show that there exist a 
commutator chain Hi and a normal subgroup "H 2 of G such that H = Hi x H 2 . In this 
Step, we will describe a somewhat algorithmic approach which replaces the generators 
of H until the desired result is obtained. 

Assume henceforth that H 2 is not normal in G. Then there exists a generator (3 G H 2 
such that a~ 1 f3a = hh\ for some h G // 2 , hi G /ii ^ H 2 . Since /i = /3/i 2 for some 
h 2 G if 2 , we get [/3, a] = h\h 2 . 

Let us assume first that ord(/3) = p. If hi G iP, then /i 2 ^ [if(p),ai], otherwise 
fl iP 7^ {1}. In other words, h 2 does not appear in similar chains, so we 
can simply put hih 2 , instead of h 2 , as a generator of H 2 . In this way we obtain a 
group that is G-isomorphic to H 2 . Thus we get that [/3, a] is in this new copy of H 2 . 
Similarly, if hi G H{p) and h 2 [H(p),a], we can obtain a new copy of H 2 such that 
[/3,a] is in H 2 . If h 2 G [H(p),a], we may assume that [/3,a] G Hi. In this case ((an)) 
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must be of type (3). Let ((an)) ^ C p <n x C p a 2 x ••• x C v * k x (C p ) s , be generated 
by elements an, . . . , a^i, afc 2 , • • • , ctfcs+i with relations given in the statement of the 
Lemma. Assume that au = [/3, a] for some £ : 2 < £ < s + 1. If £ > 2, replace (5 with 
(3' = (5a^l__ v Hence [/?', a] — 1. If £ = 2, we can put a^ = oikifi -1 , instead of a^i, as a 
generator of Hi. In this way we obtain a group of type (4), since [a' kl , a] — 1. Clearly, 
[/3, a] is not in this new commutator chain T-ti. It is not hard to see that with similar 
replacements we can treat the general case [/?, a] = f| i of/ c< • f| ■ o;^-. Thus we obtain 
the decomposition H = Hi x H 2 , where Hi and "H 2 are normal subgroups of G. 

Next, we are going to assume that ord(/3) > p. According to the definition of the 
commutator chain of an we need to consider the three cases of Step II separately. 

Case 111.1. CK12 = a\x Cl f° r some Ci : 1 < Ci < p — 1. Here we must have 
hi = of" 1 dl for some di : 1 < di < p — 1. We can replace (3 with = (3a u dl ^ Cl , so 
[M = /i 2 . 

Case Z/I.i?. CK12 ^ if p . If /ii = nj>2 a ij f° r some dj : < dj < p — 1, we can replace 
/3 with = ^rij>2 a i/-i' Hence \J3', a] = h 2 . Thus we reduce the considerations to 
the case hi = a\^ dl for some di : < di < p — 1. We have now three possibilities 
for h 2 . 

Subcase III. 2.1. Let h 2 ^ H p and /i 2 ^ [H, a}. We can put hih 2 , instead of h 2 , as a 
generator of if 2 . In this way we obtain a group that is G-isomorphic to H 2 . Thus we 
get that \J3, a] is in this new copy of H 2 . 

Subcase III. 2. 2. Let h 2 ^ H p and h 2 G [if, a], i.e., there exists 7 ^ H p such that 
[7, a] = h 2 . Put /?' = /?7 _1 . Then [/?', a] = hi — a{i dl . Hence the commutator chain 
of an is contained in the commutator chain ((/?')) which is a normal subgroup of G of 
type (3). 

Subcase III. 2. 3. Let h 2 G if p , i.e., /i 2 = riiGB^fi' where S = {i : an G 
if 2 }, < < p — 1. We can replace an with a n = af\ YlieB aP ii ld * ■ Now we have 

/T) C! T — 

[p, a] = a n , so the commutator chain of a u is contained in the commutator chain 
((/?)) which is a normal subgroup of G of type (3). 

Case III. 3. a\ 2 G H p . We have that either ((an)) ^ C p <»i x C p ^ 2 x • • • x C p a r is a 
normal subgroup of type (4), or ((an)) ^ C p «i x C p «i x • • • C p a r x (Cp)^ 1 is a normal 
subgroup of type (3). 
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Similarly to Case III. 2, if hi is a product of elements of order p that are not in 
{a\i ), by a suitable change of the generator f3 we will obtain [j3,a] = h 2 . Thus we 
again reduce the considerations to the case hi = 1 for some d\ : < d\ < p — 1. 

We have three possibilities for hi, which are identical to the three subcases in Case 
III. 2. The only slight difference is that the new commutator chain here can be either 
of type (3) or (4). 

In this way, we have investigated all possibilities for the proper construction of the 
normal factors of H. The construction is algorithmic in nature. When we define a 
new commutator chain ((/?')) or ((/?)) (as in Subcases III. 2. 2 and III. 2. 3), we have to 
start the same process all over again until we can not get a new commutator chain 
that contains the previous one. Denote by Hi the last commutator chain obtained by 
the described algorithm from Hi. We have that Hi is a normal subgroup of G of type 
(l)-(4). Denote by Hi the subgroup obtained from H 2 by the replacements described 
above. Then if is a direct product of Hi and Hi, where Hi is normal in G. Proceeding 
by induction we will obtain the decomposition given in the statement. We are done. 



4. Proof of Theorem 11.81 

If char K = p > 0, we can apply Theorem 12.31 Therefore, we will assume that char 
K^p. 

According to Lemma ET7} H ~ Hi x • • • x Ht, where Hi, . . . , H t are normal subgroups 
of G that are isomorphic to any of the four types, described in Lemma 11.71 

Let V be a ^-vector space whose dual space V* is defined as V* = © 9eG K ■ x(g) 
where G acts on V* by h ■ x(g) = x(hg) for any h,g G G. Thus K(V) G = K(x(g) : g £ 
G) G = K(G). 

Now, for any subgroup Hii\ < i < t) we can define a faithful representation subspace 
Vi = ©Kj< fci K -Yj, where ki is the number of the generators of Hi as an abelian group. 
(For the details see Cases I-IV.) Therefore, ® 1 <j <t Vi is a faithful representation space 
of the subgroup H. 

Next, for any subgroup Hi(l < i < t) we define Xjk = a k - Yj for 1 < j < ki,0 < k < 
p — l. Define Wi = 0^ k K ■ x jk C V*. Then W = 1<i<t Wi is a faithful G-subspace 
of V*. Thus, by Theorem 12. II it suffices to show that W is rational over K. Note that 
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W G = (W H )^ = ((...(^) % ...) % ) <Q> = ((•••(W / i % 02< J < t W / i) % ---) % ) <a> = 
• • ■ = ©i<j<i(^i Therefore, we need to calculate Wj 3 when Hj is isomorphic to 
any of the four types, described in Lemma fL71 Finally, we will show that the action 
of a on W H can be linearized. 

Case I. Assume that "Hi is of the type (3), i.e., "Hi ~ C p <n x C p a 2 
for some k > 1, cij > 2, s > 1. Denote by «i, . . . , the generators of Cp^ x • • • x Cy» fc , 
and by ctk+i, • • • , &k+s the generators of (C p ) s . According to Lemma fl .71 we have the 
relations [a*, a] = a^ +1 G for 1 < z < fc— 1; [a^+j, a] = at+j+i for < j < s— 1; 
and ctfc+s G Z(G). Because of the frequent use of k + s in this case, we put r = k + s. 

We divide the proof into several steps. 

Step 1. Define X u X 2 , . . . , A r G ^* by 

Note that a» ■ X, = Xj for j 7^ i. Let G -fT be a primitive p a ^-th root of unity for 
1 < i < k, and let ( be a primitive p-th root of unity. Define Yx, Y 2 , . . . , Y r G V* by 

p a i— 1 p — 1 

= ^ g,>r • x u Yj = J2 c m a? ■ x j 

m=0 m=0 

for 1 < % < k and k + 1 < j < r. 
It follows that 

<Xi '. Yi 1 — y ( P a iYi, Yj I—)- Yj, for j 7^ i and 1 < i < k 
otj : Yj 1 — y (Yj, Yi 1 — y Y; t , for i 7^ j and + 1 < j < r. 

Thus V\ = ©kjx,,-^ • Yj is a faithful representation space of the subgroup "Hi. 

Define Xji = a 1 ■ Yj for 1 < j < r, < i < p — 1. Recall that [a;, a] = af + \ +1 G 
for 1 < z < k — 1; [ajt+y, a] = au+j+i for < j < s — 1; and a r G Z(G). Hence 

a _l <x,-a: 1 = <x,-a^_i +1 , ioi 1 < j < k — 1,1 < i < p — \ 

and 

a" 4 <x,-a* = a^a^a^ • ■ ■ a[ r ~ 3 \ for k < j < r — 1, 1 < i < p — 1. 
It follows that 

a £ : x £i H> Cp a <^i, C^l+ii, x ji ^ Xji, for 1 < £ < k - 1 and j ^ £,£+!, 
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«fc : %ki !-> ( P a kX ki , x wi H> C^^^i) s « ^i, iov 1 < v < k - l,k + 1 < w < r, 
oc m '■ x U i l— > C^ m ^ x ui, x V i i — y x V i, for fc + l<m<r, 1 < t> < m — l,m < u < r, 
a : a; i0 M- x n m- ■ • • H> a; ip _i C p i-%b for l<j<r, 

where < i < p — 1 , and Cj , 6j are some integers such that < bj < p Cj < p ai * . 

Define W\ = (Bjjif ■ Xji C V*. As we noted in the beginning of the proof, we need 
to find W? 1 . 

Step 2. For 1 < j < r and for 1 < i < p — 1 define yji = Xji/xji-i. Thus 
Wi = K(xjo, yji : 1 < j < r, 1 < i < p — 1) and for every g G G 

g ■ x j0 E K(y ji : 1 < j < r, 1 < i < p - 1) • x j0 , for 1 < j < r 

while the subfield K(yji : 1 < j < r, 1 < i < p — 1) is invariant by the action of G, i.e., 

<*t ■ Ve+u ^ Cve+ih yji | -> Vjh for 1 < £ < A; - 1 and j ^£ + 1, 
ct m ■ Uui h> C^ _ro "^y«i) Vvi forA;<m<r-l,l<i;<m,m + l<u<r, 

«r : 2/« H> 1 < ii < r, 

a : yji H> y j2 ^ ■ ■ • ^ Vjp-i ^ C p 4' (%i 1 " ' 2/jp-i) _1 > for 1 < J < r > 
From Theorem 12.21 it follows that if K(%jji :l<j<r,l<i<p — 1)° is rational over 
K, so is K(xjo, Uji : 1 < j < r, 1 < 2 < p — 1) G over if. 

Since K contains a primitive p e -th root of unity ( p e where p e is the exponent of G, 
K contains as well a primitive p Cj+1 -th root of unity, and we may replace the variables 
Uji by Vji/ X\+i so that we obtain a more convenient action of a without changing the 
actions of ctj's. Namely we may assume that 

a. ■ Vji H> y j2 • • • y ip _i ^ (y jl y j2 . . . %' P -i) _1 for 1 < j < r. 

Define u rl = y p rl ,u ri = y ri /y r i-i for 2 < i < p - 1. Then K(y ji ,u ri : 1 < j < 
r - 1,1 < i < p - 1) = K(yji : 1 < j < r, 1 < z < p - l)K-i>. From Theorem O 
it follows that if K(yji,u r i : 1 < j < r — 1,2 < i < p — 1)° is rational over K, so is 
K(yji, u r i 1 < j < r — 1,1 < i < p — 1) G over K. We have the following actions 

ai : M ri (-)■ u ri , for 1 < ^ < k — 1, 

a m : u r i l— >■ C^ r " m_2 ^ri, for 2 < z < p — 1 and k < m < r — 2, 

, / p— 1 p— 2 2 \— 1 , p— 2 p-3 2 

« : U r2 ^ M r3 ^ • • • ^ M rp _i H-> (M r l< 2 <3 • • • u rp-l) ^ «rl<2 <3 " " " M rp -2 M rp-l- 
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For 2 < i < p — 1 define 

V r i — U r iy r _ li y r ^2iy r -3i ' ' 'Uk+2i Vk+li > 

and put v r i = u r \. 

With the aid of the well known property ( n ) — ( n ~ ) = (^li) > ^ i s n °t hard to verify 
the identity 

\r — m — 2) \r — m — 2) \r — m — 3/ \r — m — 4/ 

• • • + (-ir m - 1 (* 2 x ) + ( j i x ) + (-ir m+1 (Y) = o- 

It follows that 

a m : v r i l— > ^Hj f° r 1 < * < p — 1 and 1 < m < r — 2, 

where A r is some monomial in yji for 2 < j < r — 1,1 < i < p — 1. 

Define u r _n = y£_u, Ur-ii = y r -ii/y r ~ii-i for 2 < z < p - 1. Then K(yji,u r -u : 1 < 
j < r — 2,1 < i < p — 1) = K(yji : 1 < j < r — 1,1 < i < p — l)^- 2 ). From Theorem 
12.21 it follows that if K(yji, u r -u : 1 < j <r — 2,2 < i < p — 1) G is rational over i^, so 
is K(yji, u r -u : 1 < j < t — 2, 1 < i < p— 1) G over Similarly to the definition of v „, 
we can define v r -u so that a m (v r -u) = iV-ii for 2 < i < p — 1 and 1 < m < r — 3. It 
is obvious that we can proceed in the same way defining elements v r -2i, tV-3i, • • • , Vk+u 
such that a m acts trivially on all VjiS for k < m < r — 3. 

Recall that the actions of ai on j/jj's for 1 < £ < — 1 are 

ae ■ ye+u >-* C^+h, %j ^ for 1 < % < p - 1, 1 < £ < k - 1 and j ^ £ + 1. 

For any 1 <£ <k-l define i^+n = y^ +n ,v i+li = yi+u/yi+u-i, where 2 < i <p-l. 
Put also vu — yu for 1 < i < p — 1. Then If (i^ : 1 < j ' < r, 1 < i < p — 1) = K(yji : 
l<j<r, l<i<p - l) Hl . 

The action of a is given by 

a : v u ^ v 12 ^ ■ ■ ■ ^ v lp ^ i-> Ont>i 2 • • -Wip-i) -1 , 
for 2 < m < r, 
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where A m is some monomial in v k+u, ■ ■ ■ , v m -u for k + 2 < m < r and A 2 = A3 = 
■ ■ ■ = Ak+i = 1. From Lemmas 12.41 and 12.51 it follows that the action of a on K(vji : 
1 < j ' < r, 1 < i < p — 1) can be linearized. 

Case II. Assume that "Hi is of the type (1), i.e., Hi ~ (C p ) s+1 for some s > 0. 
Denote by (3%, . . . , (3 s+ i the generators of (C p ) s+1 . According to Lemma 11.71 we have 
the relations [J3j, a] = {3j + i for 1 < j < s; and f3 s+ \ G Z(G). 

Define X u X 2 , . . . , X s+1 G V* by 

for 1 < j < s + 1. Note that (3j ■ JQ — X$ for j ^ i. Let ( be a primitive p-th root of 
unity. Define Y 1 ,Y 2 , . . . , Y s+1 G V* by 

r=0 

for 1 < j < s + 1. 
It follows that 

(3j : Yj ^ C^i, 1* ^ Y u for i ^ j and 1 < j < s + 1. 

Thus V\ = ©i<j< s+ i K ■ Yj ; is a representation space of the subgroup Hi. 
Define Xji = a 1 -Yj for 1 < j < s + 1,0 < i < p — 1. Recall that \j3j, a] = Pj-i- Hence 

It follows that 

01 : xu 1 — y (xu, 1 — y Q-i-^Xji, for 2 < j < s + 1 and < i < p — 1, 
/3j : 1 — y xe i} x mi 1 — y (^ m ~^x mi , for 1 < i < j — l,j < m < s + 1 and < 2 < p — 1, 
a : Xjo h-y Xji 1— y ■ ■ ■ 1— y Xj P -i i-> C fej £jo, for 1 < j < s + 1, < 6j- < p - 1. 

Compare the actions of a, 0i, . . . , (3 s+ i with the actions of a, a^, . . . , from Case 
I, Step 1. They are almost the same. Apply the proof of Case I. 

Case III. Assume that Hi is of the type (2), i.e., Hi — C pa for some a > 1. Denote 
by (3 the generator of C p a. Then [/?, a] = (5 bpa 1 for some b : < b < p — 1. Let C pa g if 
be a primitive p a -th root of unity, and let ( be a primitive p-th root of unity. Define 
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X = EiC^(^)- Then p(X) = ( p aX, and define x t = a 1 ■ X for < i < p - 1. It 
follows that 

/3 ; Xi i — y Cp a C bx ij for < i < p — 1, 

a : Xo i — y X\ i — y • • ■ i — y x v _\ QaXo, for < c < p a — 1. 

Define Wi = ®j if • X{ C V™. For 1 < i < p — 1 define i/i = Xi/xi-i. Thus 
W\ = K(xo, i/i : 1 < i < p — 1) and for every g E G 

g ■ x G if (j/j : 1 < i < p - 1) • x , 

while the subfield if : 1 < i < p — 1) is invariant by the action of G, i.e., 

P -Vi*-* C 6 ^, for 1 <i<p- 1, 

a : 2/1 ^ Z/2 ^ • • • i-> Cp«(?/i • • -J/p-i) -1 , for < c < p a - 1. 
From Theorem 12.21 it follows that if K(yi : 1 < i < p — 1) G is rational over if, so is 
if (so, Vi '■ 1 < < p — 1) G over if. 

Since if contains a primitive p e -th root of unity ( p e where p e is the exponent of G, 
if contains as well Cp»+i- We may replace the variables yi by Vi/Cpa+i so that we obtain 

a : 2/i H> i/2 ^ • • • 2/p-i ^ (2/12/2 • • • 2/ P -i) _1 - 

Define «i = y[, Ui = yi/yi-i for 2 < z < p — 1. Then if (ttj : 1 < i < p — 1) = if : 
1 < i < p — The action of a is given by 

From Lemma 12.41 (or 12. 51) it follows that the action of a can be linearized. 

Case IV. Assume that Hi is of the type (4), i.e., "Hi ~ C p «i x C p a 2 x • • • x C p a fe for some 
k > 2. Denote by «i, . . . , the generators of According to Lemma [1.7[ we have 
the relations [a i7 a] = G Z{G) for 1 < i < k — 1; [a^, a] = rij=i Q j ^ Cj e ^(C) 

for some < Cj < p — 1. 

Similarly to the previous cases, define Yi, Y2, • • • , Y k G V* so that 

«i : Yj i-)- Cp a iYj, Yj h-> Yj-, for j ^ i and 1 < z < k. 

Thus Vi = © 1<:; < fc if ■ Yj is a faithful representation space of the subgroup "H\. 
Next, define Xji = a 1 -Yj for 1 < j < k,0 < i < p — 1. Note that 

a _i a;ja;* = aja ip +1 , for 1 < j < A; — l,l<i<p — 1 
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and 



k 



a l a k a l = a k JJ 




for 1 < i < p — 1 . 



It follows that 



a>e : xu i-)> C P a ^£i, >-» O^+it, a^i H> x^, for 1 < i < k - 1 and j ^ £, £ + 1, 



«fc : ^fci ^ ( P °kC Ck x ki , Xji \-> C Cj %ji, for 1 < j < fc - 1, 
a : Xjo !->■ £ji | — >■ • • • | — > #jp-i l_ ^ C\ x jQi f° r 1 ^ i — &j 
where < i < p — 1, < Cj < p — 1 and < fej < p aj — 1. 



Define Wi = ■ x^ C V*, and for 1 < i < p — 1 define yi = Thus 



W\ = K(xj , yji : 1 < j < k, 1 < i < p — 1) and for every g E G 

g ■ xjo G K(yji : 1 < j ; < k, 1 < i < p — 1) • o^o, for 1 < j < /c 
while the subfield K(yji 1 < j < k, 1 < i < p — 1) is invariant by the action of G, i.e., 

: ^ (Vt+ii, Vji t-t-Vjh for 1 < * < P - 1, 1 < ^ < fc - 1 and j ^ £ + 1, 

ttfc : Vji H> C c '%i ; for 1 < i < p - 1, 1 < j < k, 

a : yji ^ %- 2 ^ • • • ^ %>-i i-> (%i • • • Vjv-iY 1 

From Theorem 12.21 it follows that if K(yji : 1 < j < k,l < i < p — 1) G is rational 
over K, so is K(xjo, yji : 1 < j < k, 1 < i < p — 1) G over i^. As before, we can again 
assume that a acts in this way: 



Now, assume that < c\ < p — 1. For 2 < j < k choose ej such that C\&j + Cj = 
(mod p), and define = yu,Uji = yllVji- It follows that 

ct£ : Ui+u !->■ C u £+ii) M ii ^ for 1 < z < p — 1, 1 < £ < A; — 1 and j ^ i + 1, 
afc : U\i i — ^ C Cl ^ii) M ji ^ for 1 < i < p - 1, 2 < j < /c. 

Define fji = vF^Vji = u^ju^^x for 2 < i < p — 1, 1 < j < k. Then K(vji : 1 < j < 
A;, l<i<p — 1) = K(uji ~-l<j<k,l<i<p — l) Hl . The action of a is given by 



a : %i ^ Vj2 ^ ■ ■ ■ ^ Vjp-i >-»■ (%i2/i2 • • • %>-i) 



a : ^ ^i^ 2 , w i2 ^ v j3 ^ ■ ■ ■ ^ ^ {v jX v p j2 v? 3 
for 2 < j < k. 
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From Lemma [2.51 it follows that the action of a on K(vji I < j < k,l < i < p — 1) 
can be linearized. 

Finally, let c\ = 0. Define Vj\ = u P ±,Vji = Uji/uji-i for 2 < i < p — 1, 2 < j < k. 
Then K(u u , : 2 < j < k, 1 < i < p - 1) = : 1 < j < k, 1 < i < p - l) n K The 

action of a again can be linearized as before. We are done. 

5. Proof of Theorem 11.91 

By studying the classification of all groups of order p 5 made by James in pa] , we see 
that the non abelian groups with an abelian subgroup of index p and that are not direct 
products of smaller groups are precisely the groups from the isoclinic families with 
numbers 2,3,4 and 9. Notice that all these groups satisfy the conditions of Theorem 
11.81 The isoclinic family 8 contains only the group $8 (32) which is metacyclic, so we 
can apply Theorem 11.21 It is not hard to see that there are no other groups of order 
p 5 , containing a normal abelian subgroup H such that G/H is cyclic. 

The groups of order p 6 with an abelian subgroup of index p and that are not direct 
products of smaller groups are precisely the groups from the isoclinic families with 
numbers 2,3,4 and 9. Again, all these groups satisfy the conditions of Theorem 11.81 
The groups of order p 6 , containing a normal abelian subgroup H such that G/H is 
cyclic of order > p are precisely the groups from the isoclinic families with numbers 
8 and 14. Note that the groups $ 8 (42), $ 8 (33), <3> 14 (42) are metacyclic, and the group 
$ 8 (321)a is a direct product of the metacyclic group $s(32) and the cyclic group C p . 
Therefore, we need to consider the remaining groups, whose presentations we write 
down for convenience of the reader. 

$ 8 (321)6 =(«!, a 2 ,P, 7 :[«i,« 2 ] = = of, [/3, a 2 ] = (3 P = Y, af = /3 p2 = l} 1 
$ 8 (321)c r ={(*!, a 2 ,P : K a 2 ] = /?, [/3,a 2 ] r+1 = /3 p(r+1) = af , af = (3 p2 = 1), 
$ 8 (321)c p _! =(«i,a 2 ,/3 : [a u a 2 ] = 0, [f3,a 2 ] = (3 P = a p \ af = f3 p2 = 1), 
$ 8 (222) =(a u a 2 ,(3 : [a x ,a 2 ] = f3, [(3,a 2 ] = (3 P , af = af = (3 p2 = 1), 
$ 14 (321) =(a u a 2 ,P : [a x ,a 2 ] = (3, af = (3 P , af = (3 p2 = 1), 
$ 14 (222) =(ai,a 2 ,0: [a u a 2 ] = /3, af = af = f3 p2 = 1). 
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Case I. G — $g(321)&. Denote by H the abelian normal subgroup of G generated 
by «i and 7. Then H = (ai,7/3 _1 ) ~ C p a x C p and G/H = (a 2 ) — C p 2. 

Let 1/ be a if-vector space whose dual space V* is defined as V* = (§) geG K ■ x(g) 
where G acts on V* by h ■ x(g) = x(hg) for any h,g G G. Thus if (F) G = K(x(g) : g G 
G) G = K(G). 

Define X 1; X 2 G V* by 

p— 1 p 3 — 1 

-y^x;^" 1 )*). *2=5>( a i)- 

i=0 i=0 

Note that 7/3" 1 • X x = X x and a x • X 2 = X 2 . 

2 

Let C p 3 G if be a primitive p 3 -th root of unity and put ( = , a primitive p-th root 
of unity. Define Y 1 ,Y 2 G V* by 

p 3 — 1 p— 1 

y i = E • n = x; c - *(7)9" 1 ) i • ^2. 

i=0 i=0 

It follows that 

«i : F x i-> C P 3 F, F> 1 ^ F 2 , 

7/3" 1 : Fx m- F 1; F 2 ^ C^2, 

7 : ^ H- Cp^i, F 2 h> CF>- 

Thus X • Fx + if • F 2 is a representation space of the subgroup H. 

Define x,i = a\ ■ Fx,yj = a\ ■ F 2 for < % < p 2 — 1. From the relations a\a\ = 
aia 1 p i p(*) p it follows that 

7 : Xi h-> Cp2a;i, yj !->■ Cl/i, 
a 2 • xq 1 — y X\ 1 — y • • • 1 — y x p 2_ t \-y x , 
Vo >->■ Vx ^ ■ • • >->■ Z/p2-i ^ l/o, 

for < i < p 2 — 1. 

We find that F = (0 o <j< p 2_ 1 if ■ xi) © (0 o <;<p2„i if • is a faithful G-subspace 
of V*. Thus, by Theorem 12.11 it suffices to show that K(xi,yi : < i < p 2 — 1) G is 
rational over if. 
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For 1 < i < p 2 — 1, define Ui = Xi/xi-i and V{ = yi/yi-i. Thus K(xi,yi : < i < 
p 2 — 1) = K(xq, yo, Ui,Vi : 1 < i < p 2 — 1) and for every g G G 

g ■ x e K(m, Vi : 1 < i < p 2 - 1) ■ x , g ■ y e K(u h v { : 1 < i < p 2 - 1) ■ y , 

while the subfield K(ui,Vi : 1 < i < p 2 — 1) is invariant by the action of G. Thus 
K(xi, Hi : < i < p 2 — 1) G = K(ui, v , : 1 < i < p 2 — l) G (u, v) for some u, v such that 
aci(v) = 7(f) = a 2 (v) = v and a\{u) = j(u) = 012(11) = u. We have now 

ai : Ui ^ C p 2C' l Ui, Vi, 
(5.1) 7 : Ui i-)- Mj, H> 

«2 I Ul H> «2 ^ " ' ' ^ W p 2_ 1 I — ^ (U1U2 ■ ■ ■ U p 2_i)~ 1 , 

vi >->• v 2 >->• • • • I-)- ■u p 2_ 1 1 ^ (uiUa • • •f p 2_ 1 ) _1 , 

for 1 < i < p 2 — 1. From Theorem 12.21 it follows that if K(ui, v « : 1 < i < p 2 — l) G (u, v) 
is rational over K, so is K(xi, yi : < i < p 2 — 1) G over K. 

Since 7 acts trivially on K(ui, v , : 1 < i < p 2 — 1), we find that K(ui, t>j : 1 < i < 
p 2 - 1) G = K{ui,Vi :l<i<p 2 - l)W> a 2>. 

Now, consider the metacyclic p-group G = (<t,t : o~ p3 = r p2 = 1,t~ 1 <jt = a k ,k = 
1+p). 

Define X = Eo<j< P 3-i Q jx (°*)> ^ = r ^ for < i < p 2 - 1. It follows that 

t : Vq 1— > V]_ 1— > • • • 1— >■ V p 2_ 1 h-> Vo. 

Note that i^(Vo, Vi, . . . , V^2_ 1 ) G ' is rational by Theorem 12.61 

Define Ui = VijVi-x for 1 < i < p 2 - 1. Then K(V , V h ... , V^^f = K(U h U 2 ,..., 
U p 2_i) G (U) where 

r : [/ p2 _ 1 1-). (C/iC/ 2 ■ ■ ■ E^-i) -1 , [/ h+ [/. 

Notice that fc* - k^ 1 = (1 + = (1 + (i - l)p)p (mod p 3 ), so (J - ^ 1 = 

Cp2^ < -*~ 1 ' lp . Compare Formula (5.1) (i.e., the actions of aii, 0:2 on K{ui : 1 < z < p 2 — 1)) 
with the actions of G on K(Ui : 1 < i < p 2 — 1). They are the same. Hence, 
according to Theorem l2.61 we get that K{u\, . . . , u p 2_ l ) G {u) = K(Ui, . . . , U p 2^i) G (U) = 



22 IVO M. MICHAILOV 

K(Vq, Vi, . . . , V p 2_ 1 ) G is rational over K. Since by Lemma 12.41 we can linearize the 
action of a 2 on K(vi : 1 < i < p 2 — 1), we obtain finally that K(ui,Vi : 1 < i < 
p 2 — l)< ai ' Q2 ) is rational over K. 

Case II. G = $§(321 )c r . Denote by H the abelian normal subgroup of G generated 
by «i and 0. Then H = (ai, a^ p /3 r+1 ) ~ C p a x C p and G/i/ = (a 2 ) — C p 2. Let 
a = (r + G Z p 2, hence /3 = a ^ \oti V ' (5 r+l ) a . Similarly to Case I, we can define 
Y 1 ,Y 2 e V* such that 

ai : Y x ^ ( p3 Y u Y 2 i y Y 2l 
a -rpr+i . Yl _> Y u Y 2 ^ (Y 2 , 

: Y, H- C^i, ^ H- C%- 

Thus K • Y - ! + • y 2 is a representation space of the subgroup if. 

Define x, = a?> ■ Yi,2/i — a 2 ■ Y 2 for < z < p 2 — 1. From the relations aia?> = 
a 2 a 1 f3 i f3^ p and 0a j = c^/3 1+ip it follows that 

(3 :Xi^ QCxi, Vi >-»> CVi, 
Oi 2 : xq •->• xi x p 2_! h-> xo, 

2/0 ^ 2/1 ^ • • • H> yp2_! y 0) 

for < i < p 2 — 1. 

We find that Y = (0 o <i<p2_! -K" • %i) © (0o<i< p 2_i ^ ■ Vi) is a faithful G-subspace 
of V*. Thus, by Theorem I2.1[ it suffices to show that K(xi,yi : < i < p 2 — 1) G is 
rational over K. 

For 1 < i < p 2 — 1, define Mj = Xj/xj_i and t>j = yi/yi-i- We have now 
«i : M- Q,C a(<_1) «i, «i >-> CX, 

«2 : Wi i—)- u 2 !—>■••• 1— >■ M p 2_! 1 — y {u\u 2 ■ ■ ■ u p 2_i)~ , 

for 1 < i < p 2 — 1. From Theorem 12 .21 it: follows that if K(iii, Vi : 1 < z < p 2 — l) G (u, v) 
is rational over K, so is K(xi, x/i : < i < p 2 — 1) over K. 
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Since (3 acts in the same way as a\ on K{ui,Vi : 1 < i < p 2 — 1), we find that 
K( Ui ,Vi :l<i<p 2 -l) G = K( Ui ,Vi : 1 < i < p 2 - l)( a ^) . 
For 1 < i < p 2 — 1 define V* = Vi/u P . It follows that 

«i :ui^ C^C^Ui, Vi H- V u 
(5.2) a 2 : ui h> U2 K • • • h> ^V-i h-> (ttitt2 • • -^V-i) -1 , 

^ ^ y 2 ^ . . . ^ v>_i m- (FiFa • • • V p 2^)-\ 

for 1 < i < p 2 — 1. 

Compare Formula (5.2) with Formula (5.1). They look almost the same. Apply the 
proof of Case 1. 

Case III. G = $ 8 (321)c p _i. Denote by H the abelian normal subgroup of G generated 
by cci and (3. Then H ~ C p 2 x C p 2 and G/i? ~ C p 2. Similarly to Case I, we can define 
Yi,Y 2 e V* such that 

on : Fi H> C^Yi, Y 2 I— >■ y 2 , 
/3 : F M- Fx, F 2 H- C^- 

Thus X • Fi + K ■ F 2 is a representation space of the subgroup H. 

Define Xi = a 2 ■ Y\,yi = a\ ■ Y 2 for < i < p 2 — 1. From the relations aia' l 2 = 
a 2 [a 1 p i p($ p and f3a 2 = a 2 f3 l+ip it follows that 

"i : Xi h-> ( p 2Xi, yi I— >■ Q»C & 
/3 : Xi H> Xi, yi i— >■ CpOi, 
a 2 ~. xq i — y X\ i — ^ • • ■ i — y x v 2_ x h-> x , 
2/o >-»■ yi H> • • • ^ y p 2^ Cyo, 

for < i < p 2 - 1. 
For 1 < i < p 2 — 1, define Ui = Xi/x^i and Vi = yi/yi-i- We have now 

Oil ■ Ui^f Ui, Vi H> C P 2 C~V, 

a 2 '. ii\ i — y u 2 i — ^ • • ■ i — y u v 2_ x i->- (M1M2 • • • iV-i) -1 , 
i-> u 2 i-> • • • i-> ■u p 2_ 1 i y C,{v\v 2 ■ ■ ■ v p 2_ 1 )~ 1 , 
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for 1 < % < p 2 — 1. Since (5 acts in the same way as a\ on K(ui, Vi : 1 < i < p 2 — 1), 
we find that K(u h Vi : 1 < % < p 2 - f) G = K(u h Vi : 1 < % < p 2 - l)^^) . 

2 

Let ( p 3 G K be a primitive p 3 th root of unity such that Cp3 = C- For 1 < i < p 2 — 1 
define = Vi/( p s. It follows that 

(5.3) a 2 ■ ^i ' — ^ ^2 ' — ^ ' ' ' ' — ^ u P 2 -i | — >■ (""1^2 • • • Mp2„ 1 ) _1 , 

U>1 H-> W 2 I— >■ • • • W p 2_ 1 I — y (W\W2 • • ■Wp2_ 1 )~ 1 , 

for 1 < i < p 2 — 1. Compare Formula (5.3) with Formula (5.1) (or (5.2)). They look 
almost the same. Apply the proof of Case 1. 

Case IV. G = $ 8 (222). Denote by H the abelian normal subgroup of G generated 
by ai and f3. Then H ~ C p 2 x C p 2 and G/H ~ C p 2. The proof henceforth is almost 
the same as Case III. 

Case V. G = $14(321). Denote by H the abelian normal subgroup of G generated 
by a 2 and (3. Then H ~ C p 2 x C p 2 and G/H ~ C p 2. 

As before, we can define Yi, Y2 £ V* such that 

«2 : Y\ ^ Cp^Fi, F 2 ^ Y 2 , 

p : y y x , y 2 ^ c^- 

Thus -K" • Y"i + -K" • Y 2 is a representation space of the subgroup H. 

Define Xi = a\ -Y\,yi = ct\ ■ Y 2 for < % < p 2 — I. From the relations a 2 a\ = a\a 2 /3~ l 
it follows that 

«2 : ( p 2Xi, yi H> C~ 2 l yi 
/3 : Xi H> x^ yi H> C p 2?/i, 
«i : a;o h> Ji K • • • h> ^p 2 ^ 1— y xo, 

yo >->■ yi >->■ • • • >->■ ^ (y , 

for < i < - 1. 
For 1 < i < p 2 — 1, define = and t>j = Ui/yi-i. We have now 

a 2 : Mi ^ Ui, Vi h-> Cp^ 1 ^, 
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Ci\ '. 1l\ I — y U2 I — y ' ' ' I — y U p 2_ 1 I— >■ [U\U2 ■ ■ • W p 2_i) -1 , 

v% ^ V2 *—y • ■ • *—y v p 2_! i y ((viv 2 ■ ■ ■ tys-i) -1 , 

for 1 < i < p 2 — 1. Since /3 acts trivially on K(iii,Vi : 1 < i < p 2 — 1), we find that 
: 1 < i <P 2 - 1) G = K( Ui ,Vi :l<i<p 2 - \)^^) . 
Define w\ = v\ C" 1 , Wi = Vi/vi-i for 2 < i < p 2 —l. We have now K(vx, . . . , v p 2_ 1 )^ = 
K(wi, . . . , w p 2_i) and 

«i : W\ \-y w v 2 Wi, w 2 i-> W3 i-> • • • h-> u' p 2_ 1 I—)- l/(w%W2 ~ lr w^ ~ 2 ■ ■ •Wp2_ 1 ). 

Define Zi = w 2 , Zj = • w 2 for 2 < i < p 2 — 1 . Then K(wi : 1 < i < p 2 — 1) = 
K(zi : 1 < i < p 2 - 1) and 

; 1 — y Z2 ' — ^ ■ ■ ■ ' — y z p t_x 1 — y {z\Z2 ■ ■ ■ 2; p 2_ 1 ) _1 . 

The action of a\ can be linearized according to Lemma 12.41 Thus K(iii, Z{ : 1 < i < 
p 2 - is rational over K by Theorem 12.11 We are done. 

Case VI. G = $ 14 (222). Denote by H the abelian normal subgroup of G generated 
by «2 and (3. Then H ~ C p 2 x C p 2 and G/H ~ C p 2. The proof henceforth is almost 
the same as Case V. 
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